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Let & be a commatatne ring with identity. The zero-divisar graph of B, denoted T(R), s the simple graph whose vertices e the
nanzero sera-dvisors o . ind o st vertes x nd  aslnhed By an elge {and ol iy = 0. The s of sl

graph G b the smallest integer g such fhat G

- In this paper, we & that the

‘genus ofthe aero-dlisar gragh of Z,, the ring of integers maduba n, b twa ar three.

L Introduction

his puper concerns the sero~divsar graghs o rings. For 3
ing &, define a simple A zergedivisar
graph, denoted by I1R), whose vertices ...uw nanzars e
divisors of B, and two distinct vertices x and y are adiacent if
andonlyifxy = 0 in & This definition was firstintroduced by
Beck in [1]. However, he letall lements of R be thevertices of
the graph and muinly considered the coloring of this graph.
Here our definition i the same a3 in (2], where some basic
properties of [(R) are established. The zero-divisor graph, as
well as other graphs of rings, is an active research topic in the
lasttwo decades (see eg. [3-11]1
Let us first recall some needed notions in graph theary.
Let G bea simple graph, that is, no loops and no multiedges.
‘The degree of avertex € G, denoted by deglv),is therumber
of edges of G incident with v. V' £ V(G), then G- V' is
thesubgraph of G obtained by deleting the vertices in V' and
all edges incident with them. I V' = [x € V" | deglx) = 0
ar 1], then we use G for the subgraph G- V' and call it the
reduction of G. A complete bipartite graph is a bi partite graph
(ie.. aset of graph vertices demmposed into two disjoint sets
such that no two vertices within the same set are adjacent)
such that every pair of vertices in the two seks are adjacent.
‘The complete bipartite graph with partitions of sires mand
isdenotedbry K. The mplete graphon nverties, denoted
K. i the graph i which every puir of it vertiss i
joined by an edge. A surface is sid 10 be of gerus g if it is

mpokgically homomorphic to 2 sphere with g handles. &
graph G that can be dravn without crossings on a compact
surface of genus g, but not an one of genus g - 1, iscalled 2
sraph afgemus g. We write y{G) for the gemus of the graph 6.
Risclear that (G) = piG).where G is the reductionof G, and
WH) £ p{6) tor any subgrah H of G

Determining the genus of 2 graph i one of the mast
fundamental problems in wpokigical graph theary. B has
been shown to be NP-completeby Thomussen in [12]. Several
upers focus on the genera of zero-divisor graphs. For
instance, in [6, 7, 13, 14], the authors studied the planar zero-
divisor graphs (gems equals to 0); Wang etal investigated the
‘genus ame zeree divisor graphs in [LL 15, 16), respectively: and
Eloomiield and Wickham determined all kwal rings whose
aro-divisor graphs have genus two in [§]. In this papec
we study the zera~divisor graph of Z,, the ring of integers
modulo . In particular, we determine when pT{Z,}) = 2
ar 3. Here we first summarize the results about the genus
of [{Z,) from [5, Theorem 5.1{a)]. [8, Theorem 1], aml 16,
Section3].

Theorem 1. Let T[{Z,) be not emply. Then the following hold.

WANZ,) = 0 f and only fn € [81216.18 25,27,
2p, 3 ph, where p is prime.

(2 ylr(Z,)) = 1if and anlyifin € [20,24,28, 32, 8],
B NEgn= 2ifand oy if f =81
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